We discuss properties of dipolar Schramm-Loewner evolution ͑SLE ͒ under conditioning. We show that = 2, which describes continuum limits of loop erased random walks, is characterized as being the only value of such that dipolar SLE conditioned to stop on an interval coincides with dipolar SLE on that interval. We illustrate this property by computing a new bulk passage probability for SLE 2 .
I. INTRODUCTION
Schramm-Loewner evolution ͑SLE͒ comes in several flavors. Chordal SLE describes random curves between two points on the boundary of a simply connected domain. Radial SLE describes random curves between an interior point and a boundary point. Dipolar SLE describes random curves between a boundary point and a subarc of the boundary. These various types of SLE are closely related to each other and to the more general SLE , processes ͑see Refs. 1-3͒.
1 SLE and its variants should describe the continuum limit of a variety of discrete models, which can be seen as interfaces of statistical mechanics lattice models at a critical point. Let us observe however that even if a discrete model is known to ͑or conjectured to͒ converge to chordal SLE in the continuum limit, there is at the moment very little understanding how to modify it to a discrete process candidate to converge to an SLE , in the continuum limit. Even the definition of "dipolar self-avoiding walk" escapes us at the moment.
Certain lattice models of random curves have special properties that allow us to identify the associated in the continuum limit assuming that the continuum limit is an SLE. The restriction property of the self-avoiding walk implies that =8/ 3 is the only possible candidate for the scaling limit. The locality property of percolation identifies = 6 as the only possible scaling limit.
The loop erased random walk ͑LERW͒ has another property that implies that if the continuum limit is SLE, then must be 2. For concreteness, we consider the model in the infinite strip S ϵ͕z ,Im z ͔0,͓͖. Consider a random walk starting at the origin and conditioned to exit the strip on the upper boundary. Loop erasing this model gives what we will refer to as the dipolar LERW. If we take the original random walk, which was conditioned to exit through the upper boundary and further condition it to exit through a point w in the upper boundary, the result is the same as conditioning a random walk starting at the origin to exit the strip through w. So if we condition the dipolar LERW to end at w, then the result is the same as the loop erasure of a random walk starting at 0 and conditioned to exit at w. The latter is just the chordal LERW. In short, conditioning the dipolar LERW to end at a particular point gives the chordal LERW. As we will see, SLE has this property only for =2.
The LERW has been proven to converge to SLE 2 in the scaling limit. 4, 5 Since the LERW trivially has the property that conditioning the dipolar version to end at a fixed point gives the chordal version, the proofs of convergence of the LERW to SLE 2 have as a corollary the result that conditioning dipolar SLE 2 to end at a fixed point gives chordal SLE 2 . Nonetheless, it is desirable to have a direct proof that SLE 2 has this property.
We consider dipolar SLE from a boundary point z to a subarc A of the boundary and ask what happens if we condition it to end in a subarc AЈ ʚ A or to end at a point w A. We will show that conditioned to end at a point, the process becomes an SLE , . In the particular case = 2, one gets chordal SLE 2 . However, when conditioned to hit in a subarc, the driving process acquires a nonstandard drift, which differs from what is expected from an SLE , . We comment on this briefly in Sec. IV C. Again, in the particular case = 2 the drift simplifies and one gets dipolar SLE 2 . We shall use these properties to compute the probability that dipolar SLE 2 passes to the left of a point in the bulk.
Properties that SLE satisfies for only one value of the parameter are useful for identifying the scaling limit of discrete or lattice models that satisfy the property. Recently, claims that SLE samples describe lines in a variety of two-dimensional systems have appeared: these claims concern zero vorticity lines in turbulence, 6 nodal lines of chaotic or random wave function, 7 and interfaces in the ground states of spin glasses. 8, 9 The first two cases seem to involve SLE 6 ͑i.e., percolation͒. This is far from fully justified even if some heuristic theoretical arguments make this plausible. The case of spin glasses is even more intricate. The value of computed numerically is not too far ͑but apparently reliably different͒ from 2. Moreover there are several definitions of the notion of interface. For some of the definitions, conformal invariance has been ruled out so that only for one definition is the relationship with SLE still a plausible guess.
Of course numerical studies are made in finite geometries ͑even with finite systems͒ and the problem of finite size effects has to be taken into account. In particular, dipolar SLE, which is well adapted to a strip geometry, seems to give much more accurate numerical evaluations of and of the quadratic variation in the driving process than chordal SLE. SLE has been studied by researchers coming from a variety of disciplines ranging from probability to conformal field theory. To make this article accessible to these various groups, we derive our results in several ways. In addition, for several results that have already appeared in literature we give another derivation from a different point of view.
II. AVATARS OF DIPOLAR AND CHORDAL SLE
A. Preliminaries
Hulls in the upper-half plane geometry H AEˆz ,Im z « ‡0, +ؕ †‰
A hull in H is a bounded subset K of H such that D ϵ H \ K is open, connected, and simply connected ͑D is in particular homeomorphic to H͒. Then D can be uniformized by a map g͑z͒ having the point at infinity as a fixed point with the normalization: g͑z͒Ӎz +2c / z + o͑1 / z͒ for z → ϱ. It is customary to call this the hydrodynamic normalization. The number c͑K͒, called the half plane capacity, is real and non-negative. If KЈ ʛ K satisfies the above conditions, c͑KЈ͒ Ն c͑K͒ with equality only if KЈ = K.
We are mainly interested in the growth processes for which an increasing family of hulls invades the upper-half plane. If the corresponding capacity grows continuously, it can be used to parametrize the hulls by a non-negative real number s in such a way that c͑K s ͒ = s.
If K s , s Ն 0 describes a simple curve growing in H, the uniformizing map g s of K s satisfies the Loewner equation
for a certain source V s which satisfies some regularity criterion, in particular continuity. However, solving this equation for certain continuous sources does not lead to a simple curve but to thick hulls.
Chordal SLE from 0 to ϱ is the stochastic growth process obtained when V s = ͱ B s , where B s is a standard Brownian motion. It corresponds to the growth of simple curves with probability 1 if ͓0,4͔ and to thick hulls with probability 1 if ͔4,ϱ͓ 2. Hull in the strip geometry S AEˆz ,Im z « ‡0, †‰
A hull in S is a bounded subset K of S bounded away from the upper boundary and such that D ϵ S \ K is open, connected, and simply connected, i.e., homeomorphic to S. Then D can be uniformized by a map g͑z͒ fixing the two points at infinity. This leaves the possibility to translate g by a real constant. However g͑z͒Ӎz + c Ϯ + o͑1͒ for z → Ϯϱ, and g can be fully normalized by requiring that c + + c − = 0. We propose to call this the strip symmetric normalization.
As c + increases when K gets larger, one can use c + to parametrize an increasing family of hulls.
The above discussion can then be trivially adapted. The Loewner equation in the strip symmetric normalization with c + ͑K s ͒ = s for s Ն 0 reads as 
B. Change in domain
Chordal SLE is particularly simple in the half plane geometry with the hydrodynamic normalization, and the dipolar SLE is particularly simple in the strip geometry with the symmetric normalization. However both are conformally invariant processes, and as such could be described in any domain ͑with two marked points for the chordal case, or with one marked boundary interval and one marked point in its boundary complement in the dipolar case͒ and moreover with any choice of normalization of the Loewner map.
We illustrate this issue with four examples. The first one is well known. We treat the second one in detail using a commutative diagram technique introduced in the study of locality and restriction for SLE, see, e.g., Ref. 11, and sketch the treatment of the fourth. The same method can be used in all four cases, leading to straightforward but slightly painful computations. We shall see later how ideas from statistical mechanics and conformal field theory followed by a simple application of Girsanov's theorem allow simplifying the computations.
Chordal SLE from 0 to a in the upper-half plane with the hydrodynamic normalization is described by the system of stochastic differential equations,
with initial conditions g 0 ͑z͒ = z, and A 0 = a.
Chordal SLE from 0 to i + a in the strip with the symmetric normalization is described by the system of stochastic differential equations,
with initial conditions g 0 ͑z͒ = z, V 0 = 0, and A 0 = a. Dipolar SLE from 0 to ͓a , b͔ in the upper-half plane with the hydrodynamic normalization is described by the system of stochastic differential equations, Dipolar SLE from 0 to ͓i + a , i + b͔ in the strip with the symmetric normalization is described by the system of stochastic differential equations,
with initial conditions g 0 ͑z͒ = z, V 0 =0, A 0 = a, and B 0 = b. In all the above systems, W s is a normalized Brownian motion. Before we explain the second case, let us make a few remarks.
͑1͒
The drifts all vanish at = 6, which is a manifestation of the locality of percolation. ͑2͒ For Յ 4 the above equations give a complete description. For Ͼ 4, the first two equations give only a partial description: the first is a description of chordal SLE from 0 to a in the upper-half plane only up to the first time the process separates a from ϱ by hitting the real line in the interval ͓a , ϱ͔ that does not contain 0; the second is a description of chordal SLE from 0 to i + a in the strip only up to the first time the process hits the line Im z = . In both cases, the trouble comes solely from the choice of normalization.
With this proviso in mind, we go on to write down chordal SLE in the strip with the symmetric normalization. The starting point will be 0 and the end point will be i + a, where a is a real number. An invaluable tool to make computations straightforward is a commutative diagram ͑see Fig. 1͒ , just as in the study of locality and restriction for SLE. 11 Uniformize chordal SLE in the upper-half plane from 0 to ϱ with trace ␥ ͓0,t͔ up to time t by h t : H \ ␥ ͓0,t͔ → H in the hydrodynamical normalization,
Map the upper-half plane to the strip by any conformal map F : H → S such that F͑0͒ = 0 and F͑ϱ͒ = i + a to get SLE in S from 0 to i + a. The formula for F is
where l R ‫ء+‬ is arbitrary ͑we have given only two conditions to normalize F͒. Let g t be the uniformizing map g t : S \ F͑␥ ͓0,t͔ ͒ → S with the symmetric normalization as above except that the time parametrization is not at our disposal
. Finally let F t : H → S be the map "closing the square,"
Take the time derivative of g t ‫ؠ‬ F = F t ‫ؠ‬ h t and afterward substitute w for h t to get a t
Now F t ͑w͒ is nonsingular at w = t so that the pole on the right hand side is canceled by a pole on the left hand side,
Continuing the expansion one step further yields
dF t dt
Now use Itô's formula ͑in a slightly extended context as usual in this computation͒ to get In this identity, the " Ј" indicates derivative with respect to w on the left hand side but with respect to z on the right hand side. So if we write ⌽ s ͑z͒ = w for the inverse of F t ͑w͒ = z ͑where s and t are related by the time change͒, we get the important intermediate formula
͑1͒
Let A s ϵ g t͑s͒ ͑i + a͒ − i be the trajectory of a under the Loewner evolution. From g t ‫ؠ‬ F = F t ‫ؠ‬ h t , h t ͑ϱ͒ = ϱ, and F͑ϱ͒ = i + a we learn that g t ͑i + a͒ = F t ͑ϱ͒ = i + A s . Combined with F t ͑ t ͒ = V s͑t͒ , we find
where l s is an unspecified but irrelevant parameter.
The computation of the drift is now easy ͑the reader should compare with a direct use of the formula involving F t ͒,
This finishes to establish the formula announced above for chordal SLE in the strip from 0 to i + a in the symmetric normalization.
We end this section with some remarks on how to write down dipolar SLE from 0 to ͓i + a , i + b͔ in the strip with the symmetric normalization. The steps above could be reproduced, leading to Eq. ͑1͒, but with a function ⌽ s mapping the strip to the strip, V s to t͑s͒ , i + A s to −ϱ, and i + B s to +ϱ. This fixes ⌽ s uniquely. A convenient representation is
To compute the drift we have to be able to take two derivatives with respect to z and then put z = V s so it is enough to use the second order expansion,
leading to the announced formula.
III. CONDITIONING
We aim at a description of dipolar SLE in a domain ͑call it D͒ from a boundary point ͑call it 0͒ to a boundary interval ͑call it I͒ conditioned to hit either a subinterval J of I or, via a limiting procedure, a point in I.
A. Naive considerations
Girsanov's theorem is the general tool to tackle these problems, but in this section we want to illustrate what goes on using only elementary manipulations, with the hope that the explicit argument shows in the clearest way what is involved, compensating at least partly the lack of elegance of the approach.
We could, in principle, make computations in any domain, with any normalization of the uniformizing maps. For illustration, we choose D to be the strip S, I to be upper boundary Im z = , and J to be the interval ͔i + a , i + b͓ where a Ͻ b are real numbers. Before conditioning, the process is described by the equations
where V s = ͱ W s and W s is a standard Brownian motion. The inverse image g s −1 ͑S͒ is S \ ␥͔͑0,s͔͒. In particular, the inverse image of g s −1 ͑V s ͒-defined as lim ‫0ۋ‬ + g s −1 ͑V s + i͒-is ␥͑s͒.
The martingale
We condition on the event that the curve ends in an interval J. We will denote this event by J as well, no confusion should arise. The first thing we have to know is the probability of J. This is a routine computation if one uses martingales, but this is also the key to make contact with Girsanov's theorem later. Write p͑J͒ for the hitting probability of dipolar SLE and observe that p͑J͒ = f͑a͒ − f͑b͒, where f͑c͒ is the probability to hit on the right of c. So it is enough to deal with the case when
Our claim is the following:
Recall that an F t -measurable event is an event whose realization can be decided from the knowledge of the process W • for times up to t. So the left hand side is the probability to hit in J knowing the process W • up to time t. Intuitively, this knowledge is equivalent to the knowledge of g t . Dipolar SLE has the domain Markov property and is conformally invariant. In particular, for s Ն t, the statistics of g t ͑␥͔͑t , s͔͒ − V t ͒, which is supposed to hit on the right of A t − V t , is the same as the statistics of a ␥͔͑0,s − t͔͒. The hitting probability of this process is f͑A t − V t ͒ as announced.
The equation E͓1 J ͉ F t ͔ = f͑A t − V t ͒ means that f͑A t − V t ͒ is a-so called "closed"-martingale. In particular the Itô derivative of the stochastic process f͑A t − V t ͒ has no drift. A routine use of Itô's formula yields 2 fЉ͑a͒ + fЈ͑a͒tanh a/2 = 0, whose only solution with an acceptable probabilistic interpretation is proportional to ͐ a +ϱ dx cosh −4/ x / 2, leading to
for the hitting probability of the interval J = ͔i + a , i + b͓, a formula established in Ref. 10 .
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Markov property
Let p denote the probability distribution for dipolar SLE ͑more precisely for the driving process V s , which is proportional to a Brownian motion͒, and let p denote the probability distribution for dipolar SLE conditioned to hit the upper boundary in J ͑again more precisely for the driving process V s , which after conditioning is not simply a Brownian motion anymore͒. Define
Observe that the knowledge on V t , A t , and B t for all t's is a ͑redundant͒ description of the growth process. It is redundant because the knowledge on V t for all t's would suffice. For A Ͻ B and t Ն 0, let E t,V,A,B denote the set of driving functions 
This proves that under p, the process V t , A t , and B t is Markovian and, from the definition of EЈ, that the transition probability density under p to go from ͑V , A , B͒ at time t to ͑VЈ , AЈ , BЈ͒ at time s is simply the transition probability density under p to go from ͑V , A , B͒ at time t to ͑VЈ , AЈ , BЈ͒ at time s weighted by the known ratio p͑␥ hits in ͔AЈ − VЈ , BЈ − VЈ͓͒ / p͑␥ hits in ͔A − V , B − V͓͒. Under p, V t alone is a Markov process, so there is some price to pay to save the Markov property.
Computation of the drift
Note that the transition probability density under p to go from ͑V , A , B͒ at time t to ͑VЈ , AЈ , BЈ͒ at time s is translation invariant and time homogeneous, so that we can assume without loss of generality that V = 0 and t = 0. Now we assume that s = and VЈ = ⌬ are small and we compute the probability distribution of ⌬. Under p, the density of ⌬ is 1 / ͱ 2e The meaning of this is that for infinitesimal , V is a Gaussian random variable of mean −F͑A , B͒ and standard deviation ͱ . Using translation invariance and time homogeneity, this is exactly the meaning of the stochastic differential equation
When B → A, F͑A , B͒ has a finite limit, −͑2 / ͒tanh A / 2. We summarize the central results of this section.
Dipolar SLE from 0 to the upper boundary in the strip, conditioned to hit in ͓i + a , i + b͔ with the symmetric normalization is described by the system of stochastic differential equations,
ds with initial conditions g 0 ͑z͒ = z, V 0 =0, A 0 = a, and B 0 = b. The drift term in the above formula looks rather different from the drifts associated to the usual variants of SLE like SLE , , except when = 2, the case on which we elaborate below. As explained in Sec. IV C such "unusual" drifts are by no means unusual. Dipolar SLE from 0 to the upper boundary in the strip conditioned to hit at i + a with the symmetric normalization is described by the system of stochastic differential equations,
with initial conditions g 0 ͑z͒ = z, V 0 = 0, and A 0 = a. As a corollary, dipolar SLE conditioned to hit in a subinterval is dipolar SLE if and only if = 2, and dipolar SLE conditioned to hit at a given point is chordal SLE if and only if =2. This is obtained by direct comparison with the formulas in Sec. II B.
B. An elementary application at =2
The above result is a nice characterization of the value = 2. We show in this section that it allows us to compute in an elementary way the probability that a dipolar SLE 2 trace passes to the right of a given bulk point. The same strategy can be used to compute other physical observables of interest ͑see Ref. 12͒ .
The probability that a dipolar SLE trace ͑or hull͒ ends to the right of a given boundary point of the hitting interval is obtained by routine martingale techniques ͑see, e.g., Ref. 10͒.
For Ͻ 8, the probability that the chordal SLE trace passes to the right of a given bulk point z ͑for 4 Ͻ Ͻ 8 we mean that when z is swallowed it goes to the negative real axis͒ is again obtained via a routine martingale technique ͑see Ref. 13͒.
For Ն 4, the probability that a dipolar SLE hull contains the bulk point z and the probability that it passes to the right of z can be computed ͑somewhat miraculously͒ again by routine martingale techniques by making the ansatz that they are harmonic functions of z and then checking that appropriate boundary conditions can be imposed ͑see again Ref. 10͒. However the harmonic ansatz fails for Ͻ 4. For = 2, we obtain the probability that a dipolar SLE 2 trace passes to the right of a given bulk point by the following steps.
We start from Schramm's result at = 2 for the chordal case in the upper-half plane: if ͓0,͔ is the argument of z H, the probability that chordal SLE 2 passes to the right of z is − sin 2 2 .
We consider a conformal map from H to the strip S sending 0 to 0 and ϱ to the point a + i on the hitting interval, to get the probability that chordal SLE 2 in the strip from 0 to a + i passes to the right of w S. Cumbersome but elementary algebra shows that this probability is obtained by substitution of ͑a , w͒ for in the above formula, where ͑a,w͒ ϵ arctan sin v sinh u − ͑cosh u − cos v͒tanh a/2 , the function arctan takes values in ͓0,͔ and w = u + iv is the decomposition into real and imaginary parts. The trick now is that because dipolar SLE 2 conditioned to hit at a is nothing but chordal SLE 2 aiming at a, the probability p 2 ͑w͒ that dipolar SLE 2 passes to the right of w can be represented as the integral over a of the dipolar hitting point density at a ͑which was recalled in Sec. III A͒ times the probability that chordal SLE 2 aiming at a passes to the right of w. Explicitly,
Choosing tanh a / 2 as the new integration variable leads to an elementary integral because the differential of x arctan 1 / x is exactly dx ͑ arctan 1 / x − 1 2 sin 2 arctan 1 / x ͒ . Finally, For other values of , we would have to work with dipolar SLE conditioned to hit a point and compute the probability that the trace passes to the right of w for this process. This is likely to be even more complicated than p ͑w͒, the probability we are aiming at: it involves four boundary points ͑the starting point, the hitting interval and the conditioned end point͒, whereas p ͑w͒ involves only three. The miracle of = 2 is that after conditioning, the hitting interval plays no role anymore. Another natural explanation for this comes from conformal field theory.
IV. GIRSANOV'S THEOREM
Girsanov's theorem gives a unified view of the computations of the two preceding sections. Let us first briefly recall the theorem and then go on with illustrations.
Take a probability space with a filtration ͑⍀ , F , F t , p͒ and let M t , F t be a non-negative martingale on it such that M 0 =1.
If X is F s -measurable and t Ն s, then basic rules of conditional expectations yield E͓XM t ͔ = E͓XM s ͔ so that one can make a consistent definition Ẽ ͓X͔ϵE͓XM t ͔ whenever X is F t measurable. Then Ẽ ͓¯͔ is easily seen to be a positive linear functional with Ẽ ͓1͔ = 1. Hence the definition p t ͑A͒ϵẼ ͓1 A ͔ for A F t makes ͑⍀ , F t , p t ͒ a probability space. Now take for ͑⍀ , F , p͒ a probability space carrying a ͑continuous͒ Brownian motion with a constant drift. This makes clear that the restriction to finite T in Girsanov's theorem is crucial: if we could take T → ϱ, we would have B t / t → x for large t with probability 1 for p while this event has probability 0 for p.
A. Comparison between different kinds of SLEs
Our computations in Sec. II B all dealt with the following situation: for a certain variant of SLE on a certain domain and with a certain normalization of the Loewner uniformizing map the driving function satisfied a known stochastic differential equation ͑in fact it was a Brownian motion͒, and we aimed at the stochastic differential equation for another variant.
Physical arguments allow us to get this from Girsanov's theorem. SLE curves can be seen in general as interfaces in conformally invariant field theories, which are continuum limits of statistical mechanics systems where an interface can already be identified in the discrete setting due to boundary conditions. Statistical mechanics relies on the computation of partition functions, and in the case at hand, the partition function when an initial segment of the interface is fixed is ͑up to normalization͒ the probability that the interface starts with this initial segment. Changing the boundary conditions changes the partition function, i.e., the distribution of the interface. The ratio of two such partition functions for the same initial segment of interface then appears as a discrete version of a Radon-Nikodym derivative, and indeed a slight extension of the arguments in Ref. 10 yields the fact the ratio of partition functions is a martingale when the initial segment gets larger. 2 A discrete partition function in an arbitrary geometry is hard to compute, to say the least. However the conformally invariant continuum limit ͑when it exists͒ is much more accessible. Its relation to the discrete system involves removing certain divergences, and the limit in arbitrary geometry ͑pieces of the boundary are SLEs with some change of boundary conditions at the tip͒ can be quite singular. However ratios of partition functions behave smoothly exactly when one 2 This extension however points to the importance that the variant of interface involved in the numerator is absolutely continuous with respect to the interface involved in the denominator.
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Conditioning SLEs and loop erased random walks J. Math. Phys. 50, 043301 ͑2009͒ variant of interface involved is absolutely continuous with respect to the other, and the limiting ratio is expected to be the Radon-Nikodym derivative for the corresponding probability measures in the continuum. This ratio can be rewritten as a ratio of two conformal field theory ͑CFT͒ correlation functions. These correlation functions involve at least the boundary changing operator that creates the curve but can also involve other observables sitting at various points ͑the so-called forcing points͒ on the boundary or in the bulk. Short distance singularities can make correlation functions unbounded when the tip of the curve approaches other forcing points. So ratios of CFT correlation functions are not expected to be martingales in general, but only local martingales for the growth process: unboundedness is one of the standard reasons why some probability can leak.
Let us illustrate this on an example and then say a few words on the general framework.
The partition function Z D dip ͑x , a , b͒ for dipolar SLE in domain D from a boundary point x to a boundary interval ͓a , b͔ ͑not containing x͒ involves a three point correlation function. At x sits the usual boundary changing observable of weight h 1,2 that creates the interfaces, while two observables of weight h 0,1/2 sit at the ends of the hitting interval ͓a , b͔. So
where h is a customary notation for a primary conformal ͑boundary͒ field of weight h, and h r,s ϵ͑r −4s͒ 2 − ͑ −4͒ 2 / 16. So h 0,1/2 = ͑ −2͒͑6−͒ / 16 and h 1,2 = ͑6−͒ / 2. Such three point functions are completely fixed up to normalization by conformal invariance because all quadruples ͑D , x , a , b͒ are conformally equivalent. If D is the upper-half plane H ͑then a, b, and x are real numbers͒,
More generally, if the boundary of D is smooth at a, b, x, and x and g maps D to H,
emphasizing the fact that partition functions are sections of tensor density bundles.
In the case at hand, Suppose now that D is the domain obtained after the interface has grown for some time ͑and x is at the tip͒, capacity is used to measure time, and the uniformizing map is taken in the hydrodynamical normalization, i.e., D = H t ϵ H \ ␥ ͔0,t͔ is uniformized by g t satisfying dg t ͑z͒ =2dt / ͑g t ͑z͒ − V t ͒, where V t ϵ g t ͑␥ t ͒. Let A t ϵ g t ͑a͒, B t ϵ g t ͑b͒. Take y = ϱ and observe that g t ͑ϱ͒ = ϱ and g t Ј͑ϱ͒ = 1. Then the above ratio becomes
Two strategies are now available. The first one looks at the ratio
A general argument from conformal field theory guaranties that this ratio is a local martingale of chordal SLE, call it M t ͑of course. this can also be checked by a straightforward computation͒. The naive continuum limit argument given above suggests that M t is exactly the Radon-Nikodym derivative of dipolar SLE from x = V 0 to ͓a , b͔ with respect to chordal SLE. For chordal SLE, −1/2 V t is a Brownian motion, and the other building blocks in the formula for M t are of bounded variation ͑i.e., do not contribute to dV t terms in dM t ͒, so that
Then Girsanov's theorem yields the stochastic differential equation of dipolar SLE,
which coincides with the already obtained formula. From this viewpoint, the appearance of a logarithmic derivative in the drift is totally natural, and comparison with the initial formula implies an amusing relationship between the partition function Z H dip ͑x , a , b͒ and any conformal map ⌽͑z͒ mapping the upper-half plane to the strip a to −ϱ and b to +ϱ ͑two such maps differ by an additive constant͒: Z H dip ͑x , a , b͒⌽Ј͑x͒ h 1,2 is x-independent. The second one is to look at the inverse ratio
This time CFT ensures that this is a local martingale of dipolar SLE. Assuming that dipolar is absolutely continuous with respect to chordal, i.e., that −1/2 V t is a Brownian motion plus a drift, this drift is fixed by the local martingale property. Of course the result is in agreement with the other approaches. The computation is more painful because one needs to look at the second order term in Itô's formula. However, there is one benefit: only the local martingale property is used and not the fact that the ratio is a Radon-Nikodym derivative. Indeed one could replace the ratio
͑␥ t , a , b͒ by any correlation function of dipolar SLE in H t with hitting interval ͓a , b͔, which is again a tautological local martingale, to compute the drift.
This second strategy was used in Ref. 17 to get the form of the stochastic differential system describing multiple SLEs, and in Ref. 18 to give the conformal field theory approach to SLE , and generalizations thereof.
B. Conditioning
Take a probability space with a filtration ͑⍀ , F , F t , p͒ and an event J ʚ ⍀ such that p͑J͒ = E͓1 J ͔ 0 and let p, Ẽ ͓¯͔ be the probability and expectation on ͑⍀ , F͒ obtained by conditioning p on J.
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If Y is a random variable, If ͑⍀ , F , p͒ is a probability space carrying a ͑continuous͒ Brownian motion B t with its filtration F t and M s ϵ E͓1 J ͉ F s ͔ / E͓1 J ͔ is a continuous martingale, Girsanov's theorem applies.
In our illustrative example, J is "the dipolar SLE process from 0 to the upper boundary in the strip hits in the interval ͓i + a , i + b͔." We have computed the corresponding martingale, M t = Z͑V t , A t , B t ͒ / Z͑0,a , b͒, where 
C. Relation with factorized martingales
Our main result on dipolar SLE conditioned to hit at a point is closely related to the wellknown martingales. For definiteness, we consider variants of SLE in the half plane starting at 0 and in the hydrodynamical normalization.
Fix n real points x 1 , ... ,x n and n real numbers 1 , ... , n . Define
where From the point of view of conformal field theory, M t is an n + 1 point vertex operator correlation function in a free field with a background charge, also called a Coulomb gas correlation function. One of the fields has conformal weight ͑6−͒ / ͑2͒ and sits at the tip of the growing interface. In fact this field signals a change in boundary conditions in the statistical mechanics interpretation, and in this senses it "creates" the interface. The other fields sit at points x i and have charge i / ͱ . With this interpretation, the fact that M t is a tautological ͑local͒ martingale is granted by general conformal field theory. However an explicit check using Itô's formula is not difficult.
We noted above that the general three ͑boundary͒ point correlation functions always factorize. This is not true for correlation functions involving more that three points, and the above example is a happy exception. One of the consequences is that chordal SLE from 0 to ϱ weighted by M t leads ͑via Girsanov's theorem͒ to standard SLE , , i.e., to a drift which a sum of simple poles. 4 General conformal field theory correlation functions lead to martingales which do not have this property, but nevertheless have a probabilistic interpretation. This fact is well illustrated by dipolar SLE conditioned to hit an interval. The corresponding partition function involves the three dipolar observables recalled above, plus two observables of weight h 1,1 = 0 sitting at the end of a subarc. This partition function satisfies all the properties of a CFT correlation function, but is not factorized. Divided by the dipolar partition function, it is moreover a true martingale. In the limit when the subsarc reduces to a single point, a factorized form emerges again, which is possibly only a local martingale however. An analogous discussion occurs if one conditions chordal SLE ͑ ͔4,8͔͒ to hit an interval, although we shall not pursue the analysis here.
We now relate our above computations on conditioned dipolar SLE to the ͑local͒ martingales M t .
To make contact with the martingales M t we consider dipolar SLE in the half plane from 0 to ͓−1,1͔ c . ͑By ͓−1,1͔ c we mean the complement of ͓−1,1͔ with respect to the real axis.͒ The hitting density is proportional to
Dipolar SLE in the upper-half plane from 0 to ͓−1,1͔ c is the same as SLE , with two forcing points at −1 and +1 with both weights equal to ͑ −6͒ / 2. This is the same as taking chordal SLE in the upper-half plane from 0 to ϱ and weighting it by the martingale M t ͑−1,1;͑ −6͒ / 2, ͑ −6͒ / 2͒. These two facts were already known, they also follow immediately from the discussion in Sec. IV A.
Our result on dipolar SLE conditioned to hit at a point can be translated in the upper-half plane as: dipolar SLE in the upper-half plane from 0 to ͓−1,1͔ c conditioned to end at some a ͓−1,1͔ c is an SLE , process with three forcing points. One is at a with weight −4 and the other two are at Ϯ1, both with weight ͑ −2͒ / 2. This implies that 
ͪ.
What follows is an explicit check of this identity. Whether this identity by itself is enough to get the result on conditioning is another matter. The issue is that there is no simple criterion to decide what is the fate of an SLE , . In the case at hand, it is not clear a priori why weighting by M t ͑a ,−1,1;−4,͑ −2͒ / 2,͑ −2͒ / 2͒ leads to a process that hits at a. That this is the case is a consequence of our previous computations and we do not give an independent argument here.
The identity is trivially true at t = 0. We note that M 0 ͑a ,−1,1;−4,͑ −2͒ / 2,͑ −2͒ / 2͒ = cp͑a͒ for some constant c which only depends on , and M 0 ͑−1,1;͑ −6͒ / 2,͑ −6͒ / 2͒ only depends on . So with some rearranging, the above is the same as 4 This explains why the points x i ͑or their trajectories X t x i under the Loewner flow͒ are sometimes called forcing points: they appear in the drift and influence the growth of the trace. The numbers i are sometimes called weights. They are related to, but not equal to, conformal weights and the name "charges" would be more appropriate from the physics point of view.
ized SLE , corresponding in CFT to a nonfactorized correlation function. We have shown that this drift can be computed by standard martingale techniques or by conformal field theory inspired methods.
This can be seen as a characterization of = 2 analogous to the characterization of =8/ 3 by the restriction property or = 6 by locality.
The relationship with lattice models leads to puzzling facts however. First of all, there is no obvious interpretation of the dipolar geometry for all lattice models. Loop erased random walks, the Ising model for spin clusters and percolation are among the few favorable cases. For loop erased random walks, the fact that dipolar conditioned to hit a subinterval is dipolar to the subinterval is true almost by definition. For the Ising model and percolation, the boundary condition on the hexagonal lattice are + and − on each side of the starting point and free on the boundary interval. It is easy to understand then that conditioning to hit a subinterval is a nontrivial operation. However the case of self-avoiding walks is irritating. The obvious candidate for the dipolar geometry would be to consider all the simple walks joining a boundary point to a boundary interval and weight each step by the critical fugacity c . This prescription has the property that conditioning to end at a given point yields the chordal case. So we conclude that this naive definition cannot converge to dipolar SLE 8/3 most likely because it corresponds to nonconformally invariant boundary conditions. 
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